Moving to multiple dimensions

e Let's now consider three vectors, 7/, 21) and #(?) allin R™.
» Question: What vector in span(z ("), (%)) is closest to 7/?

o Vectors in span(f(l), 5(2)) are of the form w17 + wo7 2 where wy,ws € R
are scalars.

e Before trying to answer, let's watch »& this animation that Jack, one of our tutors,
made.

wy = —0.33, wy = +0.87

.f(l)
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https://youtu.be/dJcbJKpYywk?si=giWFps-ixYDXBwzh
https://youtu.be/dJcbJKpYywk?si=giWFps-ixYDXBwzh
https://youtu.be/dJcbJKpYywk?si=giWFps-ixYDXBwzh

Minimizing projection error in multiple dimensions

e Question: What vector in span(z(!), Z(?)) is closest to /?

€ =1 —w izt —wyz?

« Answer: It's the vector such that w171 + w7 (?)

e |ssue: Solving for w; and ws in the following equation is difficult:

(’wlif(l) —|—’LU2£(2)) . ( — wlf(l) — w2£(2)) =0
P W G 4 ~ }r d
7 vector
(..:(c) _;(2))
an LZ WV‘.'H‘M w
s rf.m

is orthogonal to €.
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Minimizing projection error in multiple dimensions

e |t's hard for us to solve for wq and w3 in:

(wli’(l) —+ w2£(2)> . ( — wla_é(l) — wzé_é@)) =0

\ . 4

N—"

« Observation: All we really need is for %) and Z(?) to individually be orthogonal to €.

o Thatis, it's sufficient for € to be orthogonal to the spanning vectors themselves.

—

e f 7). € =0andz®? — 0, then:
- «-'(‘) - =Y -
Cw U)-(- Wz ) e = b\), ‘e tw, X -¢

= w, (% A>+""z,(7<u) d)
= w, (0) + W, (o)

=@ 14
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Minimizing projection error in multiple dimensions
e Question: What vector in span(z(!), Z(?)) is closest to /?

« Answer: It's the vector such that w17 ! + w-7(?) is orthogonal to

g =Y — w@(l) — 'wga_é@).

« Equivalently, it's the vector such that 7(1) and Z(?) are both orthogonal to é:

ACN ( - ’w1f(1) — w25(2)) = need o ’F“J

2 * 2
=(2) ( — w2 —w2£(2)) 0 W, ) W !

\§ J/
V
—
e

e This is a system of two equations, two unknowns (w1 and w»), but it still looks difficult
to solve.
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Now what?

o We're looking for the scalars w; and w» that satisfy the following equations:
fm.(_w@m_wﬁw)zo

5@.(_w@m_wﬁm)20

\ _J
VO
—
e

« In this example, we just have two spanning vectors, 7! and 7(?).
o |[f we had any more, this system of equations would get extremely messy, extremely
quickly.

o |ldea: Rewrite the above system of equations as a single equation, involving matrix-

vector products.
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